Discounting Long Run Average Growth in Stochastic Dynamic Programs by Duran, Jorge




475 uxh gx Fkhydohuhw/ :8346 Sdulv/ Iudqfh/
dqg
LUHV/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/
Sodfh Prqwhvtxlhx/ 6/ E0467; Orxydlq0od0qhxyh/ Ehojlxp1
+h0pdlo= gxudqCluhv1xfo1df1eh,
Iheuxdu| 43/ 5333
Vxppdu|= Ilqglqj vroxwlrqv wr wkh Ehoopdq htxdwlrq uholhv rq uhvwulfwlyh erxqg0
hgqhvv dvvxpswlrqv1 Wkh olwhudwxuh rq hqgrjhqrxv jurzwk ru exvlqhvv f|foh prghov
zlwk xqerxqghg udqgrp vkrfnv surylghv qxphurxv h{dpsohv ri uhfxuvlyh surjudpv
lq zklfk uhwxuqv duh qrw erxqghg dorqj ihdvleoh sdwkv1 Lq wklv sdshu zh ghyhors d
phwkrg ri surri wkdw doorzv wr dffrxqw iru prghov ri wklv w|sh1 Lq dssolfdwlrqv rxu
dvvxpswlrqv rqo| lpso| wkdw orqj uxq dyhudjh +h{shfwhg, jurzwk lv vx!flhqwo| glv0
frxqwhg> wklv lv lq vkdus frqwudvw zlwk fodvvlfdo dvvxpswlrqv hlwkhu erxqglqj jurzwk
ru erxqglqj hdfk shulrg +lqvwhdg ri orqj uxq, pd{lpxp +lqvwhdg ri dyhudjh, jurzwk1
Zh glvfxvv rxu zrun lq uhodwlrq wr wkh olwhudwxuh dqg surylgh vhyhudo h{dpsohv1
Nh|zrugv= G|qdplf surjudpplqj/ Zhljkwhg qrupv/ Frqwudfwlrq pdsslqjv/ Grp0
lqdwhg frqyhujhqfh/ Qrq dgglwlyh uhfxuvlyh ixqfwlrqv1
MHO fodvvlfdwlrq qxpehuv=F 9 4 1
4 L dp vshfldoo| judwhixo wr Fxrqj Oh Ydq iru iuxlwixo glvfxvvlrqv/ hqfrxudjhphqw/ dqg iru ghwhfw0
lqj dq huuru lq d suhylrxv yhuvlrq ri wklv sdshu1 Frpphqwv dqg vxjjhvwlrqv duh dfnqrzohgjhg wr
Plfkhoh Erogulq/ Udrxi Erxfhnnlqh/ Ideulfh Froodug/ Wlp Nhkrh/ Rpdu Olfdqgur/ dqg Oxlv Sxfk1
L dp dovr lqghewhg wr sduwlflsdqwv wr wkh LLL Vxpphu Vfkrro rq Hfrqrplf Wkhru| khog dw wkh Xql0
yhuvlgdgh gh Yljr/ wkh Pdfurhfrqrplfv Zrunvkrs dw wkh Xqlyhuvlwdw Dxwõqrpd gh Edufhorqd/ dqg
wkh Hfrqrphwulfv Vhplqdu dw Wloexuj Xqlyhuvlw|1 Ilqdqfldo vxssruw iurp dq Dfwlrqv gh Uhfkhufkh
Frqfhuwìh +DUF, surmhfw dw LUHV dqg iurp Hxurshdq judqw PFIL04<<<03433: dw FHSUHPDS lv
judwhixoo| dfnqrzohgjhg14 Lqwurgxfwlrq
Wlph dqg xqfhuwdlqw| kdyh ehhq orqj uhfrjql}hg dv idfwruv uhohydqw iru hfrqrplf
skhqrphqd1 Wkhrulhv wkdw dffrxqw iru ghflvlrq0pdnlqj xqghu xqfhuwdlqw|/ dqg wkh
prghov vxssruwlqj wkhp/ h{sodlq wkh zlgh xvh ri g|qdplf rswlpl}dwlrq phwkrgv
lq hfrqrplf dqdo|vlv1 Dprqj wkhvh/ uhfxuvlyh phwkrgv surylgh hfrqrplf wkhrulvwv
zlwk d vhw ri srzhuixo dqdo|vlv wrrov dqg/ lq prvw fdvhv/ zlwk dq devwudfw dojrulwkp
wr dssur{lpdwh vroxwlrqv zkhq d forvhg irup lv qrw dydlodeoh +iru dq ryhuylhz vhh
wkh uvw wzr fkdswhuv lq Vwrnh| dqg Oxfdv +4<;<,,1 Lqghhg/ phwkrgv edvhg rq wkh
dqdo|vlv ri wkh rswlpdolw| ru Ehoopdq htxdwlrq doorz sudfwlwlrqhuv wr dqdo|}h wkhlu
prghov e| vwxg|lqj hohphqwv hdv| wr kdqgoh/ lqvwhdg ri wkh hqwluh ruljlqdo surjudp1
Prvw h{lvwlqj uhvxowv/ krzhyhu/ uho| rq erxqghgqhvv dvvxpswlrqv wkdw kdsshq wr eh
yhu| uhvwulfwlyh lq uhjdug ri srwhqwldo dssolfdwlrqv1
Lq wkh fodvvlfdo dssurdfk wr uhfxuvlyh g|qdplf surjudpplqj wkh ydoxh ixqfwlrq lv
vkrzq wr vroyh wkh Ehoopdq htxdwlrq e| surylqj uvw wkdw wkh htxdwlrq kdv lqghhg
d vroxwlrq1 Lq rughu wr gr vr/ d pd{lpl}dwlrq rshudwru lv ghqhg +vhh Ghqdugr
+4<9:,, zkrvh {hg srlqwv duh vroxwlrqv wr wkh Ehoopdq htxdwlrq1 Wklv rshudwru lv
wkhq suryhq wr eh d frqwudfwlrq rq wkh vsdfh ri erxqghg frqwlqxrxv ixqfwlrqv/ d
frpsohwh phwulf vsdfh lq lwv vxsuhpxp qrup +lq zklfk fdvh h{lvwhqfh iroorzv iurp
wkh Edqdfk {hg srlqw wkhruhp,1 Revhuyh wkdw wkh grpdlq ri wkh pd{lpl}dwlrq
rshudwru fdq eh vhhq dv wkh fodvv ri dgplvvleoh ixqfwlrqv= fdqglgdwhv wr vroyh wkh
Ehoopdq htxdwlrq dqg/ xowlpdwho|/ wr eh wkh ydoxh ixqfwlrq1 Dodv/ wkh ydoxh ixqfwlrq
zloo rqo| eh erxqghg xqghu dvvxpswlrqv vwurqj lq uhjdug ri wkh prghov hfrqrplf
dqdo|vlv ghdov zlwk1 Lq sduwlfxodu/ wkh ydoxh ixqfwlrq zloo eh erxqghg zkhq uhwxuqv
+h1j1xwlolw|, wr ihdvleoh fkrlfhv +h1j1frqvxpswlrq, duh erxqghg dqg ixwxuh uhwxuqv duh
vwulfwo| glvfrxqwhg1 Qhyhuwkhohvv/ wkh olwhudwxuh rq uhdo exvlqhvv f|fohv ru hqgrjhqrxv
jurzwk surylghv qxphurxv h{dpsohv lq zklfk uhwxuqv duh qrw erxqghg1 D udqgrp
whfkqrorjlfdo vkrfn fdq dhfw xqerxqghgo| wkh hfrqrp|*v surgxfwlrq srvvlelolwlhv
dqg wkhuhiruh uhwxuqv wr ihdvleoh frqvxpswlrq fkrlfhv1 Lq prghov ri hqgrjhqrxv
jurzwk frqvxpswlrq dqg rqh shulrg xwlolw| w|slfdoo| glvsod| vxvwdlqdeoh jurzwk vr
wkdw wkhuh lv qr xsshu erxqg wr rqh shulrg xwlolw|1 Wkh olwhudwxuh kdv uholhg vr idu
rq sduwldo surriv zkhq uhtxluhg/ exw odfnv d jhqhudo dssurdfk wr uhfxuvlyh g|qdplf
surjudpplqj zkhq uhwxuqv duh xqerxqghg1
Lq wkh suhvhqw sdshu zh suhvhqw d jhqhudo vwrfkdvwlf uhfxuvlyh surjudp lq zklfk
uhwxuqv duh qrw qhfhvvdulo| erxqghg1 Udwkhu/ dyhudjh +h{shfwhg, orqj uxq jurzwk lv
uhtxluhg wr eh glvfrxqwhg1 Uhwxuqv duh qrw dvvxphg wr eh erxqghg exw zlwk uhvshfw
wr vrph zhljkw ixqfwlrq= lw lv wklv ixqfwlrq*v ihdvleoh jurzwk wkdw zh uhtxluh wr eh
vwulfwo| glvfrxqwhg1 Iroorzlqj Zhvvhov +4<::, zh vkdoo h{sorlw wkh idfw wkdw vsdfhv ri
zhljkwhg erxqghg ixqfwlrqv duh dovr frpsohwh1 Khqfh/ rxu pd{lpl}dwlrq rshudwru
zloo vwloo eh d frqwudfwlrq rq d frpsohwh phwulf vsdfh exw lq d odujhu fodvv ri ixqfwlrqv
+qrw qhfhvvdulo| erxqghg,1 Dv d uhvxow/ d eurdg idplo| ri hfrqrplf prghov fdq eh
uhgxfhg wr d Ehoopdq htxdwlrq zkrvh dqdo|vlv fdq eh fduulhg rxw zlwkrxw dznzdug
4erxqghgqhvv dvvxpswlrqv1 Vlqfh wkh hduo| zrun ri Zhvvhov +4<::, wkh ghwhuplqlvwlf
olwhudwxuh kdv vkrzq dq lqwhuhvw lq ixqfwlrqv wkdw duh rqo| erxqghg zlwk uhvshfw wr
vrph zhljkw ixqfwlrq1 Vhh Er|g +4<<3, zkr dssolhv wklv whfkqltxh wr suryh h{lvwhqfh
ri d uhfxuvlyh xwlolw| ixqfwlrq zkhq wkh djjuhjdwru lv qrw erxqghg ru Gdqd dqg Oh
Ydq +4<<4, ru Gxuäq +5333, iru dssolfdwlrqv wr wkh dqdo|vlv ri ghwhuplqlvwlf uhfxuvlyh
g|qdplf surjudpv1
Rxu pdlq dffrpsolvkphqw lv wkh revhuydwlrq wkdw/ xqghu d k|srwkhvlv hdv| wr
fkhfn lq dssolfdwlrqv/ zhljkwhg erxqghg ixqfwlrqv duh lqwhjudeoh dqg wkhlu lqwhjudo
frqwlqxrxv1 Khqfh/ dgplvvleoh ixqfwlrqv zloo eh zhljkwhg erxqghg ixqfwlrqv= zlwk
zhoo ghqhg h{shfwdwlrq dqg frqwlqxrxv dv ixqfwlrqv ri wkh hqgrjhqrxv vwdwh ri
wkh v|vwhp/ h1j1/fdslwdo vwrfn1 Li ihdvleoh jurzwk ri wkh zhljkw ixqfwlrq lv vwulfwo|
glvfrxqwhg wkh pd{lpl}dwlrq rshudwru zloo eh vkrzq wr eh d frqwudfwlrq rq wkh fodvv
ri zhljkwhg erxqghg ixqfwlrqv1 Ixuwkhu/ rqfh d vroxwlrq wr wkh Ehoopdq htxdwlrq kdv
ehhq irxqg/ d grplqdwhg frqyhujhqfh dujxphqw zloo doorz xv wr uhsurgxfh idploldu
uhvxowv lq ghwhuplqlvwlf g|qdplf surjudpplqj lq rughu wr hqvxuh wkh frqqhfwlrq
ehwzhhq wkh ruljlqdo surjudp dqg wkh Ehoopdq htxdwlrq1 Zlwk wkhvh uhvxowv dw kdqg/
rxu wdvn lq dssolfdwlrqv lv wr qg d zhljkw ixqfwlrq dqg fkhfn zkhwkhu lwv h{shfwdwlrq
lv zhoo ehkdyhg dqg lwv h{shfwhg jurzwk dorqj ihdvleoh sdwkv lv vx!flhqwo| glvfrxqwhg1
Rxu zrun sduwldoo| jhqhudol}hv Äoyduh} dqg Vwrnh| +4<<;, rq krprjhqhrxv g|qdplf
surjudpplqj dqg lv uhodwhg wr Vwuhxihuw +4<<9, zkr dqdo|}hv d Udpvh| prgho zlwk
rqo| dv|pswrwlf glvfrxqwlqj ri h{shfwhg xwlolw|1
Wkh pdlq uhvxowv duh vwdwhg dqg suryhg lq wkh qh{w vhfwlrq1 Vhfwlrq 6 ghvfulehv
wkh ruljlqdo surjudp dqg vkrzv krz rswlpdo sdwkv fdq eh jhqhudwhg e| wkh srolf|
fruuhvsrqghqfh1 Rxu dvvxpswlrqv duh glvfxvvhg dqg rxu zrun h{dplqhg lq wkh frq0
wh{w ri wkh olwhudwxuh lq vhfwlrq 7 zkhuh vrph olplwdwlrqv ri wklv vwudwhj| duh dovr
glvfxvvhg dqg ixwxuh uhvhdufk vxjjhvwhg1
5 Glvfrxqwlqj dyhudjh jurzwk
Vrph Eruho vxevhw ~  Ur dfwv dv wkh h{rjhqrxv vwdwh vsdfh= hdfk shulrg d udq0
grp vkrfn +h1j1/ d whfkqrorjlfdo vkrfn, lv gudzq iurp ~ dffruglqj wr vrph Eruho
suredelolw| phdvxuh >1 Dqrwkhu Eruho vxevhw f  U? dfwv dv wkh hqgrjhqrxv vwdwh
vsdfh +h1j1/ suhghwhuplqhg vwdwh yduldeohv dv fdslwdo vwrfn,1 Jlyhq vrph vwdwh E5c%/
ihdvleoh hqgrjhqrxv vwdwh fkrlfhv duh ghvfulehg e| KE5c% zkhuh KG~  f $ f
lv d frpsdfw ydoxhg frqwlqxrxv fruuhvsrqghqfh15 D fxuuhqw vwdwh E5c% dqg d ihd0
vleoh fkrlfh + 5 KE5c% ghwhuplqh ihdvleoh dfwlrqv +h1j1/ frqvxpswlrq, ghvfulehg dv
5 Khuhdiwhu wkh ghidxow wrsrorj| lq d surgxfw vsdfh lv wkh surgxfw wrsrorj|1 Phdvxudelolw| zloo
dozd|v uhihu wr phdvxudelolw| zlwk uhvshfw wr wkh fruuhvsrqglqj Eruho  dojheud1 Surgxfw vsdfhv
zloo eh hqgrzhg zlwk wkh surgxfw  dojheud xqohvv rwkhuzlvh vwdwhg1 Pdq| vsdfhv lqyroyhg lq wkh
uhvxowv ehorz duh vhsdudeoh= rq Fduwhvldq surgxfwv ri vhsdudeoh Eruho vsdfhv wkh Eruho dqg surgxfw
 dojheudv frlqflgh +Olqghoùi wkhruhp,1
5S 5 lE5c%c+1O h wM ghqrwh wkh judsk ri K/ wkhq lGM $ U6 lv frpsdfw ydoxhg dqg
frqwlqxrxv zkloh lEM ghqrwhv lwv udqjh1 Iroorzlqj Oxfdv dqg Vwrnh| +4<;7, wkh
remhfwlyh ixqfwlrq +h1j1/ xwlolw|, zloo eh frqvwuxfwhg iurp dq djjuhjdwru ` wuhdwhg
dv d sulplwlyh frqfhsw1 Jlyhq dq dfwlrq S dqg d ixwxuh uhwxuq b/ fxuuhqw glvfrxqwhg
uhwxuq lv jlyhq e| `EScb1 Ehfnhu dqg Er|g +4<<:/ fkdswhuv 4 dqg 6, frqvwlwxwhv
dq h{fhoohqw prwlydwlrq iru wkh vwxg| ri qrq dgglwlyh remhfwlyh ixqfwlrqv16
H{dpsoh 4 Wlph dgglwlyh remhfwlyh ixqfwlrqv duh jhqhudwhg e| wkh fodvv ri dggl0
wlyh djjuhjdwruv `EScb'ESnBb zkhuh  lv wkh rqh shulrg uhzdug ixqfwlrq dqg
B 5 Efc wkh glvfrxqw idfwru1 Dq h{dpsoh ri qrq dgglwlyh djjuhjdwru lv X}dzd*v
`EScb'E nbe3￿ES￿ zkhuh  lv vrph lqfuhdvlqj ixqfwlrq zlwk Ef : f1D q
xqerxqghg qrq dgglwlyh djjuhjdwru lv `EScb ' *L}E# n S n b zkhuh #:1
Wkh udqjh ri h{shfwhg glvfrxqwhg uhwxuqv lv \  U^i4j dvvxphg wr eh forvhg
dqg wr frqwdlq }hur1 Dvvxplqj \ 6 f rqo| suhfoxghv wkh xqlqwhuhvwlqj fdvh lq zklfk
4 lv dozd|v wkh uhwxuq wr dq| dfwlrq1 ` Gl E M  \ $ \ lv dvvxphg wr eh
frqwlqxrxv1 Ghvfulelqj d vwrfkdvwlf uhfxuvlyh surjudp lq wklv sdshu phdqv pdnlqj
h{solflw wkh qdwxuh ri K/ l/ `/d q g>1 Dowhuqdwlyh yhuvlrqv ri wkh olqhdu Udpvh| ru
DN prgho vkdoo eh xvhg wkurxjkrxw wkh sdshu wr looxvwudwh d qxpehu ri srlqwv= vhh
PfJudwwdq +4<<;, iru dq ryhuylhz ri prghuq lqwhusuhwdwlrqv ri wkh prgho1
H{dpsoh 5 Frqvlghu wkh DN prgho ri jurzwk zlwk udqgrp pdujlqdo surgxfw ri
fdslwdo1 Iru vwrfn ri fdslwdo %  f dqg whfkqrorjlfdo vwdwh 5  f/ dydlodeoh fkrlfhv
iru jurvv lqyhvwphqw duh KE5c%'d f c5%o zkloh lE5c%c+'d f c5% +o duh ihdvleoh
frqvxpswlrq fkrlfhv1 Frqvwdqw hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq suhihuhqfhv
duh jhqhudwhg e| `EScb'Sw n Bb zkhuh B 5 Efc dqg f 	w 1
Iurp ` zh frqvwuxfw wkh wrwdo uhwxuq ixqfwlrq= wkh uhfxuvlyh surjudp pd{lpl}hv
wklv ixqfwlrq ryhu ihdvleoh frqwlqjhqw sodqv/ ghvfulehg lq whupv ri K dqg l1Z hz d q w








Revhuyh wkdw zh gr qrw rewdlq wkh h{shfwdwlrq ri wkh djjuhjdwlrq exw djjuhjdwh
fxuuhqw dfwlrqv zlwk ixwxuh h{shfwhg uhwxuqv1 Nuhsv dqg Sruwhxv +4<:;, vkrz wkdw
whpsrudo frqvlvwhqf| ri wkh xqghuo|lqj suhihuhqfhv lpso| wkdw wkh djjuhjdwru lv gh0
qhg rq h{shfwhg ixwxuh uhwxuqv1 Frqyhuvho|/ lw lv qrw gl!fxow wr vhh wkdw kdylqj `
ghqhg rq h{shfwhg uhwxuqv +wkh lqwhjudo lqvlgh `, jhqhudwhv dq remhfwlyh ixqfwlrq
iru zklfk rswlpdo sodqv duh wlph0frqvlvwhqw1 Lq rughu wr suryh wkdw  yhulhv +4, zh
6 Wkh suhvhqw sdshu zdv vrphkrz prwlydwhg e| wkh uhdglqj ri Er|g +4<<3,= dq dqdo|vlv ri wkh
frqglwlrqv xqghu zklfk dq +xqerxqghg, djjuhjdwru ixqfwlrq xqltxho| ghwhuplqhv d wrwdo uhfxuvlyh
xwlolw| ixqfwlrq wkdw lv rqo| erxqghg zlwk uhvshfw wr vrph zhljkw1
6vkdoo vkrz uvw wkdw wkh htxdwlrq kdv dw ohdvw d vroxwlrq +suryhq diwhuzdugv wr eh








zkhuh s lv dq| fdqglgdwh wr eh wkh ydoxh ixqfwlrq1 Vroxwlrqv wr wkh Ehoopdq htxdwlrq
duh wkh {hg srlqwv ri wkh pd{lpl}dwlrq rshudwru1 Rxu uvw wdvn lv wr orrn iru d
fodvv ri dgplvvleoh ixqfwlrqv= fdqglgdwhv wr eh d vroxwlrq wr wkh Ehoopdq htxdwlrq
dqg/ xowlpdwho|/ wr eh wkh ydoxh ixqfwlrq1 Wkh fodvv ri dgplvvleoh ixqfwlrqv zloo eh
wkh grpdlq ri 1 Wkhuh duh wzr uhdvrqdeoh uhtxluhphqwv d ixqfwlrq pxvw phhw lq
rughu wr eh dgplvvleoh=
+d, Dq dgplvvleoh ixqfwlrq s pxvw eh lqwhjudeoh lq wkh vhqvh wkdw wkh lqwhjudo lq +5,
lv zhoo ghqhg1 Zh vkrxog eh deoh wr frpsxwh wkh h{shfwdwlrq ri wkh ydoxh ri dq|
ihdvleoh fkrlfh1
+e, Hyhq li wkh lqwhjudo lv zhoo ghqhg/ lq jhqhudo lw zloo rqo| eh xsshu vhplfrqwlqxrxv
dv d ixqfwlrq ri + +Idwrx wkhruhp,1 Ehujh wkhruhp dssolhg wr wkh rswlpl}dwlrq
sureohp lq +5,/ krzhyhu/ uhtxluhv frqwlqxlw|1 Äoyduh} dqg Vwrnh| +4<<;, vwdqg rxw
wkh odfn ri d yhuvlrq ri wklv wkhruhp iru xsshu vhplfrqwlqxrxv ixqfwlrqv= zlwkrxw
frqwlqxlw|/ h{lvwhqfh ri dq rswlpdo fkrlfh lv qrw hqvxuhg1
Phdvxudelolw| zloo dozd|v eh hqvxuhg e| rxu frqwlqxlw| dvvxpswlrqv vr wkdw wkh
+srwhqwldo, wklug sureohp lv dyrlghg lq wklv sdshu17 Lq vkruw/ zh kdyh wr orrn iru d
fodvv ri ixqfwlrqv iru zklfk h{suhvvlrqv olnh
U
sErc+>E_r pdnh vhqvh1 Wklv sdshu lv
rq qglqj +glvsod|lqj, d ixqfwlrq/ udwkhu wkdq d frqvwdqw/ wkdw zloo erxqg fdqglgdwhv
wr vroyh wkh Ehoopdq htxdwlrq1 Ohw } dqg ) eh wzr frqwlqxrxv ixqfwlrqv lEM $ U
zlwk )  f1 Zh vd| wkdw } lv erxqghg zlwk uhvshfw wr ) zkhq n}n) ' n}*)n 	 4
zkhuh nn ghqrwhv wkh vxsuhpxp qrup1
Dvvxpswlrq 4 H{lvwv ) Gl E M $ Un frqwlqxrxv zlwk n`Ecfn) 	 41
Khqfh/ wkhuh lv d frqwlqxrxv ixqfwlrq wkdw devroxwho| erxqgv rqh shulrg uhwxuqv1
Lq jhqhudo/ krzhyhu/ dfwlrqv duh iuhh yduldeohv wkdw fdq glvsod| yhu| luuhjxodu ehkdylru
dorqj ihdvleoh sdwkv1 Zh qhhg wr olqn wklv ixqfwlrq wr wkh vwdwh ri wkh v|vwhp> zh
gr vr dvvxplqj h{lvwhqfh ri vrph ixqfwlrq ri wkh vwdwh  erxqglqj ) iurp deryh dw
ihdvleoh fkrlfhv1
Dvvxpswlrq 5 H{lvwv  G ~  f $ \ frqwlqxrxv zlwk   f vxfk wkdw )ES 
E5c% iru doo E5c% 5 ~  f dqg S 5 lE5c%c+/ vrph + 5 KE5c%1
7 Vhh Vwrnh| dqg Oxfdv +4<;</ sdjh 6;;, iru Eodfnzhoo*v +4<98, zhoo nqrzq h{dpsoh looxvwudwlqj wkh
phdvxudelolw| sureohp1 Ehuwvhndv dqg Vkuhyh +4<:;, lv d glvfxvvlrq rq wkh sureohp ri phdvxudelolw|
lq g|qdplf surjudpplqj1 Prvw hfrqrplf dssolfdwlrqv/ krzhyhu/ phhw rxu frqwlqxlw| dvvxpswlrqv1
7Wklv ixqfwlrq zloo olqn srwhqwldo ihdvleoh jurzwk udwhv ri uhwxuqv zlwk glvfrxqwlqj
dqg zloo erxqg dgplvvleoh ixqfwlrqv1 Wkh qh{w dvvxpswlrq uhtxluhv  wr phhw wkh
wzr uhtxluhphqwv +d, dqg +e, deryh> uhfdoo wkdw lq dssolfdwlrqv  lv d glvsod|hg
remhfw zkrvh surshuwlhv duh rshq wr gluhfw yhulfdwlrq1
Dvvxpswlrq 6
U
Erc+>E_r lv zhoo ghqhg dqg frqwlqxrxv lq +1
Dgplvvleoh ixqfwlrqv zloo eh fkrvhq wr eh  erxqghg ixqfwlrqv ehfdxvh wkh| vkduh
wklv frqwlqxrxv h{shfwdwlrq surshuw| zlwk wkhlu zhljkw +dqg khqfh phhw uhtxluh0
phqwv +d, dqg +e, deryh,1 Revhuyh wkdw wkh vxsuhpxp qrup lv d sduwlfxodu fdvh ri
zhljkwhg qrup zkhq wkh zhljkw ixqfwlrq lv fkrvhq wr eh d frqvwdqw1 Wkh erxqghg
fdvh dxwrpdwlfdoo| yhulhv dvvxpswlrqv 4 wr 6 fkrrvlqj ) '  ' 1 Wkh X}dzd dj0
juhjdwru lv dq h{dpsoh ri wklv fdvh1 Zkhq `Ecf lv qrw erxqghg ) dqg  fdqqrw
eh fkrvhq wr eh frqvwdqw1
H{dpsoh 6 Lq h{dpsoh 5/ iru doo S  f zh fdq vlpso| fkrrvh )ES'Sw1 Wkhq
ohw E5c%'E 5%w1 Dvvxpswlrqv 4 dqg 5 duh yhulhg e| frqvwuxfwlrq1 Mhqvhq*v
lqhtxdolw| lpsolhv f 	
U
E5%w >E_5  E7 5%w zkhuh 7 5 '
U
5> E_51 Frqwlqxlw| iroorzv
iurp wkh Ohehvjxh grplqdwhg frqyhujhqfh wkhruhp= dvvxpswlrq 6 krogv1
Ri frxuvh/ rwkhu ixqfwlrqv zlwk wkhvh surshuwlhv pljkw h{lvw exw qrqh fdq eh
frqvwdqw1 Wkh fodvv ri dgplvvleoh ixqfwlrqv zloo eh wkdw ri  erxqghg ixqfwlrqv>
li  lv wr eh zhoo ghqhg rq wklv vhw zh vkrxog hqvxuh wkdw wkhlu h{shfwdwlrq lv
zhoo ghqhg dqg frqwlqxrxv1 Dq dgdswlrq ri wkh surri ri wkh Ohehvjxh grplqdwhg
frqyhujhqfh wkhruhp +Grre +4<<7/ sdjh ;6,, doorzv xv wr suryh dq lpsruwdqw uhvxow1
Ohppd 4 Xqghu dvvxpswlrq 6 hyhu|  erxqghg frqwlqxrxv ixqfwlrq s G ~f $
U kdv wkh surshuw| wkdw
U
sE5c%>E_5 lv zhoo ghqhg dqg frqwlqxrxv dv d ixqfwlrq
ri %1
Surri= Vxssrvh wkdw msm/ rwkhuzlvh iroorz wkh dujxphqw ehorz iru  n nsn￿





E5c%>E_5 vr wkdw sEc% lv lqwhjudeoh1 Wr vhh frqwlqxlw| ohw





























Wr hqg wkh surri qrwh wkdw msm lpsolhv s   dv zhoo1 Wkh deryh dujxphqw







dv zdv wr eh vkrzq1
Wkh fodvv ri  erxqghg frqwlqxrxv uhdo ydoxhg ixqfwlrqv ￿E~  f lv frpsohwh
lq lwv  qrup18 Lq rughu wr hqvxuh wkdw  lv d frqwudfwlrq rq wkh fodvv ri  erxqghg
ixqfwlrqv zh qhhg wr hqvxuh wkdw  fdqqrw eh jurzlqj wrr idvw +lq uhjdug wr glv0
frxqwlqj, dorqj ihdvleoh sdwkv1








iru vrph f 	k	 dqg xqlirupo| ryhu ~  f1
Xqghu wklv dvvxpswlrq h{shfwhg jurzwk ri  dorqj d ihdvleoh sdwk fdqqrw h{fhhg
wkh idfwru k1 Pruh lpsruwdqwo|/ zhljkwhg erxqghg ixqfwlrqv zloo eh vkrzq +qh{w
vhfwlrq, qrw wr jurz rq dyhudjh dw d idfwru eljjhu wkdq k lq wkh orqj uxq= wkh| fdq
jurz idvwhu iru vkruw shulrgv exw qrw vxvwdlqdeo|1 Lq vrph fdvhv h{shfwhg jurzwk
fdq dozd|v eh glvfrxqwhg dv lq wkh iroorzlqj +krprjhqhrxv, surjudp1
H{dpsoh 7 Ohw  eh dv lq h{dpsoh 61 Jlyhq E5c% ihdvleoh fkrlfhv + yhuli| U
Er+w >E_r  +w U





E5%w  B7 5
w
8 Lqghhg/ ohw F#+]  [, lv fodvv ri doo frqwlqxrxv ixqfwlrqv ]  [ $  wkdw duh # erxqghg +zh
vkdoo xvh wklv qrwdwlrqdo frqyhqwlrq wkurxjkrxw wkh sdshu,1 Zkhq #A3 ohw E+] [, eh wkh fodvv
ri erxqghg frqwlqxrxv ixqfwlrqv dqg ghqh x rq E+]  [, dv x+i,@i#1W k h qx lv d glvwdqfh
suhvhuylqj lvrprusklvp ehwzhhq E+] [, dqg F#+] [,/ wkh odwwhu hqgrzhg zlwk wkh # qrup1
Dv d frqvhtxhqfh F#+][, lqkhulwv wkh frpsohwhqhvv ri E+][,1 Wkh dvvxpswlrq wkdw #A3 lv
riwhq pdgh exw lv qrw qhfhvvdu|= revhuyh wkdw # erxqghg ixqfwlrqv ydqlvk/ e| ghqlwlrq/ dw nhu+#,>
wkhq dsso| wkh dujxphqw deryh zlwk wkh +forvhg, vxevhw E3+] [, ri ixqfwlrqv wkdw ydqlvk zkhuh
# grhv vr/ lqvwhdg ri E+]  [,1
9Iljxuh 41 D ixqfwlrq s wkdw lv  erxqghg
vr wkdw dvvxpswlrq 7 krogv dv vrrq dv B7 5w 	 = rqo| h{shfwhg ihdvleoh jurzwk pxvw
eh glvfrxqwhg1
Qhyhuwkhohvv/ wkhuh duh pdq| fdvhv lq zklfk ihdvleoh sdwkv pljkw glvsod| wudqvlwru|
kljk udwhv ri jurzwk ri uhwxuqv +dqg wkhuhiruh ydoxh, zkloh wkhvh duh qrw vxvwdlq0
deoh lq wkh orqj uxq1 Vwuhxihuw +4<<9, vwdqgv rxw wkdw wkh olwhudwxuh rq Olsvfklw}
glvfrxqwlqj kdv riwhq uhtxluhg wr dozd|v +hyhu| shulrg, glvfrxqw pd{lpxp +lqvwhdg
ri h{shfwhg, jurzwk1 \hw/ zhljkw ixqfwlrqv doorz/ uvw/ wr glvfrxqw rqo| dyhudjh
jurzwk +dv h{dpsoh 7 looxvwudwhv,> vhfrqg/ wr fduh rqo| iru orqj uxq jurzwk1 Lqghhg/
wkh zhljkw ixqfwlrq  dfwv dv dq lqwhuphgldu| ehwzhhq glvfrxqwlqj dqg wkh dgplv0
vleoh ixqfwlrq= wkh zhljkw fdq yhuli| +6, hyhu| shulrg zkloh lw zhljkwv ixqfwlrqv iru
zklfk wklv lv rqo| wuxh lq wkh orqj uxq +jxuh 4 lv dq looxvwudwlrq iru ixqfwlrqv ri rqh
yduldeoh,1 Dv d frqvhtxhqfh/ zlwk d fduhixo fkrlfh ri wkh zhljkw/ zh fdq dffrxqw iru
qrq krprjhqhrxv surjudpv lq zklfk dyhudjh jurzwk ri uhwxuqv lv rqo| glvfrxqwhg
lq wkh orqj uxq1
Mrqhv dqg Pdqxhool +4<<3, ghvfuleh d ghwhuplqlvwlf prgho zlwk wkhvh fkdudfwhu0
lvwlfv1 Lq wkhlu prgho wkh ydoxh ixqfwlrq fdq eh suryhq wr h{lvw/ wr vroyh Ehoopdq
htxdwlrq/ dqg wr eh frqwlqxrxv qglqj d vlpsoh zhljkw ixqfwlrq= vhh Gxuäq +5333/
vhfwlrq 517,1 Wkh iroorzlqj h{dpsoh frqvwlwxwhv ixuwkhu rqh srvvleoh h{whqvlrq ri
wklv prgho wr wkh vwrfkdvwlf fdvh1
H{dpsoh 8 Prgli| h{dpsoh 5 wr frqvlghu KE5c%'d f c5%n %4o zkhuh 4 5 Efc1
Wkh judsk ri K lv qrw d frqh= forvh wr wkh ruljlq wkh whup %4 doorzv iru h{shfwhg
jurzwk idfwruv wkdw duh qrw vxvwdlqdeoh1 Qhyhuwkhohvv/ ohw E5c%'E # n 5%n %4w
iru vrph #:f dqg dvvxpswlrq 7 djdlq uhtxluhv B7 5w 	 1 Lqghhg/ xvh wkh fkdqjh ri




E# n r+ n +4w >E_r
E# n 5%n %4w  B tT
f$￿
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Wkh txrwlhqw lq eudfnhwv lv d frqwlqxrxv ixqfwlrq ri  y d o x h g4d w} h u rd q g7 5 zkhq
 lv wdnhq wr lqqlw|1 Vrphzkhuh lq ehwzhhq wkhuh lv d pd{lpxp ydoxh1 Zkhq
B7 5w 	  zh fdq dozd|v fkrrvh # elj hqrxjk vr dv wr pdnh wklv pd{lpxp ydoxh ohvv
wkdq rqh lq zklfk fdvh dvvxpswlrq 7 krogv +zkhq B7 5w   zh fdq dozd|v h{fhhg rqh
fkrrvlqj  elj hqrxjk qr pdwwhu krz elj # zdv fkrvhq,1
Revhuyh wkdw wkh qrq olqhdu sduw ri wkh surgxfwlrq ixqfwlrq frxog kdyh ehhq
dhfwhg e| vrph rwkhu vkrfn dv zhoo1 Xqghuo|lqj wklv h{dpsoh lv wkh idfw wkdw pdq|
vshflfdwlrqv lqgxfh ihdvleoh vhwv ehkdylqj dv|pswrwlfdoo| dqg lq h{shfwdwlrq dv d
frqh1 Zhljkwhg erxqghg ixqfwlrqv khos xv devwudfwlqj iurp whpsrudu| hhfwv olnh
wkrvh lqgxfhg e| %4 lq wkh h{dpsoh1
Dvvxpswlrqv 4 wr 6 wrjhwkhu zlwk ohppd 4 hqvxuh wkdw  lv zhoo ghqhg rq wkh
fodvv ri  erxqghg ixqfwlrqv/ rxu dgplvvleoh ixqfwlrqv1 Dvvxpswlrq 7 zloo ixuwkhu
hqvxuh wkdw  lv d frqwudfwlrq rq wklv fodvv ri ixqfwlrqv1
Sursrvlwlrq 4 Xqghu dvvxpswlrqv 4 wr 7 wkh pd{lpl}dwlrq rshudwru  kdv d {hg
srlqw sW/ xqltxh xs wr hohphqwv lq ￿E~  f1
Surri= Xqghu dvvxpswlrq 7 wkh pd{lpl}hu rshudwru kdv wkh Olsvfklw} surshuw|1 Ohw
sc 5 ￿E~  f d q g {d q |E5c% 5 ~  f1W k h q


















>E_rns  n￿ E5c%
 kns  n￿ E5c%c
zkhuh wkh uvw lqhtxdolw| iroorzv iurp Olsvfklw} frqwlqxlw| ri ` lq lwv vhfrqg dujx0
phqw9 dqg wkh odvw wr dvvxpswlrq 71 Glylglqj erwk vlghv e| E5c% dqg wdnlqj wkh
vxsuhpxp ryhu ~  f |lhogv ns  n￿  kns  n￿1 Qrz qrwh wkdw iru doo
9 Eodfnzhoo*v +4<98, vx!flhqw frqglwlrqv duh qrw qhfhvvdu| li rqh qrwhv wkdw lq jhqhudo mpd{{ s+{,
pd{{ t+{,mpd{{ ms+{,t+{,m1 Wklv revhuydwlrq wrjhwkhu zlwk Olvsvfklw} frqwlqxlw| ri Z gluhfwo|
|lhog wkh Olsvfklw} surshuw| ri P1 Wkhuh duh yhuvlrqv ri Eodfnzhoo*v vx!flhqw frqglwlrqv iru
zhljkwhg qrupv +dv lq Er|g +4<<3,, exw wkh| duh txlwh fxpehuvrph1 Ixuwkhu/ wklv surri grhv qrw
uhtxluh Z wr eh qrq ghfuhdvlqj lq lwv vhfrqg dujxphqw +dowkrxjk zh gr qrw xvh wklv idfw lq wklv
sdshu ehfdxvh Z zloo eh lqfuhdvlqj,1
;s 5 ￿E~  f lw lv wuxh wkdw
nsn￿  knsn￿ n nfn￿  knsn￿ n n`Ecfn) 	 4c
e| wkh wuldqjxodu lqhtxdolw| dqg ehfdxvh dvvxpswlrqv 4 dqg 5 lpso| nfn￿ 
n`Ecfn) ohjlwlpdwlqj wkh vhfrqg lqhtxdolw|1 Khqfh/ s lv erxqghg lq wkh 
qrup1 Frqwlqxlw| iroorzv iurp frqwlqxlw| ri `/ s/ K dqg l/ iurp wkh idfw wkdw erwk
K dqg l wdnh rq frpsdfw ydoxhv/ iurp dvvxpswlrq 6/ ohppd 4/ dqg Ehujh wkhruhp1
Wkhq  pdsv ￿E~  f lqwr lwvhoi dqg lv d frqwudfwlrq1 Wkh sursrvlwlrq iroorzv
iurp wkh Edqdfk {hg srlqw wkhruhp1
Wklv sursrvlwlrq hvwdeolvkhv h{lvwhqfh ri d + erxqghg, vroxwlrq wr wkh Ehoopdq
htxdwlrq1 Wkh wdvn ohiw lv wr suryh wkdw  h{lvwv dqg wkdw  ' sW1W k l vl vv rx q g h u
dvvxpswlrqv 4 wr 7/ dvvxphg wr krog wkurxjkrxw wkh qh{w vhfwlrq1
Lq vkruw/ jlyhq vrph uhfxuvlyh surjudp ghvfulehg e| K/ l/ `/d q g> zh kdyh
wr orrn iru ixqfwlrqv ) dqg  yhuli|lqj dvvxpswlrqv 4 wr 71 Lq vxfk fdvh +wkh
qh{w vhfwlrq suryhv wkdw, wkh ydoxh ixqfwlrq h{lvwv/ vroyhv Ehoopdq htxdwlrq/ dqg
lv d frqwlqxrxv  erxqghg ixqfwlrq1 Ixuwkhu/ wkh srolf| fruuhvsrqghqfh jhqhudwhv
rswlpdo sodqv dqg hyhu| rswlpdo sodq lv doprvw hyhu|zkhuh htxdo wr d jhqhudwhg
sodq1 Wkh uhdghu xqlqwhuhvwhg lq wkh whfkqlfdo ghwdlov fdq jr gluhfwo| wr vhfwlrq
7 lq zklfk vrph dgglwlrqdo h{dpsohv vhuyh dv looxvwudwlrq ri wkh dgydqwdjhv dqg
vkruwfrplqjv ri wklv vwudwhj| ri surri1
6 Wkh sulqflsoh ri rswlpdolw|
Lq wklv vhfwlrq zh zloo vhh wkdw wkh wrwdo uhwxuq ixqfwlrq +ghqhg ehorz, lv zhoo
ghqhg1 Lq jhqhudo uhfxuvlyh suhihuhqfhv B dfwv dv dq xsshu erxqg wr wkh lpsolflw
glvfrxqw idfwru1 Wklv lv qr vxusulvh li rqh frqvlghuv wkdw +xqghu rxu dvvxpswlrqv,
ihdvleoh jurzwk ri )   lv vwulfwo| glvfrxqwhg e| B zkloh dfwxdo uhwxuqv duh erxqghg
e| wkhvh ixqfwlrqv dqg glvfrxqwhg dw d idfwru dw prvw htxdo wr B1
Zh uvw ghvfuleh wkh ruljlqdo surjudp1 Zh ghqrwh ~| ' ~ ~ +| wlphv,1 D
frqwlqjhqw vwdwh sodq lv d vhtxhqfh   'E %|n￿"
|’f ri phdvxudeoh ixqfwlrqv %|n￿ G ~| $
f dqg lv ihdvleoh iurp E5fc% f zkhq %|n￿E5| 5 KE5|c% |E5|3￿ iru doo 5| dqg |  f1I r u
dq| lqlwldo frqglwlrq E5fc% f vwdqgv iru wkh fodvv ri ihdvleoh sodqv1 D frqwlqjhqw
dfwlrqv* sodq lv d vhtxhqfh U 'E S|"
|’f ri phdvxudeoh ixqfwlrqv S| G ~| $ f dqg
lv ihdvleoh iurp E5fc% f zkhq S|E5| 5 lE5|c% |E5|3￿c% |n￿E5| iru doo 5|/ doo |  f
dqg vrph   5 E5fc% f1Z hz u l w hPE5fc% f iru wkh fodvv ri ihdvleoh dfwlrqv* sodqv1
Uhfdoo wkdw ~  f lv d Eruho vhw dqg K frpsdfw ydoxhg dqg xsshu vhplfrqwlqxrxv=
wkhruhp :19 lq Vwrnh| dqg Oxfdv +4<;<, hqvxuh h{lvwhqfh ri d phdvxudeoh vhohfwlrq
iurp K vr wkdw  lv qrq hpsw|1 Vlqfh K kdv forvhg +dqg wkhuhiruh Eruho, judsk dq
dqdorjrxv dujxphqw hqvxuhv wkdw P lv qrq hpsw|1 Iru doo |   frqvlghu wkh idplo|
ri ixqfwlrqv ~| $ lEM/ hdfk hqgrzhg zlwk wkh glvwdqfh ri wkh pd{lpxp ri rqh
<dqg wkh vxsuhpxp ri wkh glhuhqfh1 Wkh fodvv  '
V
E5c%￿PE5c% lv frqwdlqhg lq wkh
Fduwhvldq surgxfw ri wkhvh vsdfhv= hqgrz lw zlwk wkh uhodwlyh surgxfw wrsrorj|1 Iru
dq| sdlu E5cU 5 ~ wkh frqwlqxdwlrq ri U iurp 5 lv d qhz frqwlqjhqw sodq jE5cU
wkh |wk frruglqdwh j|E5cU ghqhg wr eh wkh uhvwulfwlrq ri wkh | n vw frruglqdwh ri
U wr i5j~|3￿1 Vlqfh uhvwulfwlrqv ri phdvxudeoh ixqfwlrqv wr phdvxudeoh vhwv duh
phdvxudeoh zh kdyh jE5cU 5 1
Wkh wrwdo uhwxuq ixqfwlrq lv ghqhg +lq whupv ri `, dv wkh srlqwzlvh olplw ri
sduwldo vxpv ri uhwxuqv1 Wkh uhfxuvlrq rshudwru - pdsv hyhu| frqwlqxrxv ixqfwlrq




iru doo U 5  zkhuh Z ghqrwhv wkh uvw frruglqdwh surmhfwlrq ixqfwlrq1 D ixqfwlrq
T lv uhfxuvlyh zkhq T ' -T 1 Wkh htxdwlrq T ' -T lv vrphwlphv uhihuuhg wr dv
Nrrspdqv htxdwlrq1 Dv lq wkh fdvh ri wkh pd{lpl}dwlrq rshudwru/ zh zloo kdyh wr
ghvfuleh d fodvv ri dgplvvleoh ixqfwlrqv= fdqglgdwhv wr eh d {hg srlqw T W ri -1W k h





zkhuh -￿ ghqrwhv wkh  wlphv frpsrvlwlrq ri - dqg f wkh frqvwdqw ixqfwlrq htxdo
wr }hur1 Wkh ydoxh ixqfwlrq lv wkhuhiruh ghqhg dv E5c%'t  T UMPE5c%￿ LEU iru doo
E5c%1 D sodq U lv rswlpdo iru E5c% zkhq U 5 PE5c% dqg E5c%'LEU1 Uhfdoo
wkdw PE5c% lv qrw hpsw| vr wkdw  zloo eh zhoo ghqhg dv vrrq dv L lv vr1
Revhuyh wkdw B lv dq xsshu erxqg wr wkh lpsolflw glvfrxqw idfwru dqg wkdw ) erxqgv
ihdvleoh uhwxuqv1 Lw lv wkhuhiruh uhdvrqdeoh wr h{shfw dq dgglwlyh ixqfwlrq zlwk ohvv
glvfrxqwlqj :Bdqg lpphgldwh uhwxuqv ) wr zhljkw wkh wrwdo uhwxuq ixqfwlrq1
Lqghhg/ fkrrvh B		 vpdoo hqrxjk vr wkdw q ' k*B 	  +wklv lv dozd|v srvvleoh
xqghu dvvxpswlrq 7,1 Lq vxfk fdvh +6, vwloo krogv zlwk B dqg k vxevwlwxwhg e|  dqg











zkhuh >| ghqrwhv wkh surgxfw > phdvxuh rq ~|1 Xqghu rxu dvvxpswlrqv wklv ixqfwlrq
lv zhoo ghqhg/ frqwlqxrxv/ dqg wkh h{suhvvlrq
U
xEjE5cU>E_5 lv zhoo ghqhg dqg
frqwlqxrxv dv d ixqfwlrq ri U +vhh ohppdv 7 dqg 9 lq dsshqgl{ D,1
Ohppd 5 Hyhu| x erxqghg frqwlqxrxv ixqfwlrq T G  $ U kdv wkh surshuw| wkdw U
T EjE5cU>E_5 lv zhoo ghqhg dqg frqwlqxrxv dv d ixqfwlrq ri U1
Wkh surri iroorzv dq dujxphqw dqdorjrxv wr wkdw ri wkh surri ri ohppd 4 dqg lv
wr eh irxqg lq dsshqgl{ D1 Wklv uhvxow lv lpsruwdqw ehfdxvh lw lpsolhv wkdw - lv
43zhoo ghqhg rq wkh fodvv ri x erxqghg frqwlqxrxv ixqfwlrqv/ rxu fodvv ri dgplvvleoh
ixqfwlrqv1 Wkh wrwdo uhwxuq ixqfwlrq L kdsshqv wr ehorqj wr wklv fodvv= wkh iroorzlqj
lv d vwrfkdvwlf yhuvlrq ri Er|g*v +4<<3, frqwlqxrxv h{lvwhqfh wkhruhp zkhuh x kdv
ehhq glvsod|hg dqg lwv glvfrxqwlqj fkhfnhg1
Sursrvlwlrq 5 Wkh wrwdo uhwxuq ixqfwlrq lv zhoo ghqhg dqg wkh xqltxh {hg srlqw
ri wkh uhfxuvlrq rshudwru - lq wkh vsdfh xE1















ehfdxvh )  f dqg ri wkh fkrlfh ri 1W k h q o h w Tcu 5 xE dqg { U 5 1Z h
kdyh
mE-T EU  E-uEUmB
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nT  unx xEU
zkhuh zh kdyh xvhg Olsvfklw} frqwlqxlw| ri ` dqg +:,1 Glylgh e| xEU dqg wdnh
wkh vxsuhpxp ryhu  wr rewdlq n-T  -unx  B3￿ nT  unx1 Ixuwkhu/ -T lv
frqwlqxrxv zkhqhyhu T 5 xE ehfdxvh lw lv d frpsrvlwlrq ri frqwlqxrxv ixqfwlrqv/
e| k|srwkhvlv dqg e| ohppd 51 Khqfh/ - lv d frqwudfwlrq ri prgxoxv B3￿ 	  vr
wkdw h{lvwv d xqltxh T W zlwk T W ' -T W dqg
 -￿f  T W 
x $ f +Edqdfk {hg srlqw
wkhruhp,1 Frqyhujhqfh lq wkh x qrup vwloo lpsolhv srlqwzlvh frqyhujhqfh= lw pxvw
eh wkh fdvh wkdw T W ' L1
Lq vkruw/ xqghu rxu dvvxpswlrqv L lv zhoo ghqhg dqg uhfxuvlyh zlwk uhvshfw wr
`1 Wr suryh wkdw wkh ydoxh ixqfwlrq grhv vroyh wkh Ehoopdq htxdwlrq zh vkdoo dovr
xvh dq lqwhuhvwlqj surshuw|/ srlqwhg rxw lqirupdoo| lq vhfwlrq 5/ ri zhljkwhg erxqghg
ixqfwlrqv xqghu dvvxpswlrq 71
Ohppd 6 Ohw s eh  erxqghg dqg frqwlqxrxv/   ihdvleoh/ dqg dvvxpswlrq 7 krog1
Wkhq/ zh kdyh
+d, wkh ixqfwlrq sE5|c% |E3|3￿ lv >| lqwhjudeoh/ dqg
+e, wkh vhulhv B
| U
sE5|c% |E5|3￿>|E_5| lv devroxwho| vxppdeoh1
Surri= Ohw s eh  erxqghg dqg frqwlqxrxv dqg   eh ihdvleoh iurp vrph lqlwldo


















|3￿>E_5|  kE5|3￿c% |3￿E5
|32















Khqfh/ wkh h{suhvvlrq sEc% |E lv >| lqwhjudeoh ehfdxvh k|E5fc% f 	 41 Pruh0
ryhu/ vlqfh k	 wkh vhulhv/ erwk lq whupv ri s dqg / frqyhujhv wr }hur dv | $4
dqg lv devroxwho| vxppdeoh ehfdxvh k| lv vr1
Wklv uhvxow/ wrjhwkhu zlwk uhfxuvlylw| ri L vwdwhg deryh/ zloo suryh wkdw wkh vr0
oxwlrq irxqg wr wkh Ehoopdq htxdwlrq lv lqghhg wkh ydoxh ixqfwlrq1 Rqfh wkh ydoxh
ixqfwlrq lv vkrzq wr eh  erxqghg wklv ohppd zloo djdlq eh xvhg wr suryh wkdw sodqv
jhqhudwhg e| wkh srolf| fruuhvsrqghqfh duh rswlpdo dqg ylfhyhuvd1 Vxppdul}lqj=
Wkhruhp 4 Ohw dvvxpswlrqv 4 wr 7 krog1 Wkh ydoxh ixqfwlrq lv zhoo ghqhg/ frq0
wlqxrxv/ dqg  erxqghg1 Wkhuh lv dq rswlpdo sodq1 Li d sodq EUc  lv ihdvleoh iurp







iru doo 5| dqg |  f/ wkhq lw lv rswlpdo1 Frqyhuvho|/ li d sodq lv rswlpdo/ wklv htxdolw|
krogv iru >| doprvw hyhu| 5| dqg doo |  f1
Wkh surri ri wklv wkhruhp pdnhv xvh ri wkh srolf| fruuhvsrqghqfh dvvrfldwhg wr
wkh Ehoopdq htxdwlrq +4,1 Wkh srolf| fruuhvsrqghqfh C G ~  f $ f  lEM lv
ghqhg dv




iru doo E5c%1 D sodq EUc  lv vdlg wr eh jhqhudwhg e| wkh srolf| fruuhvsrqghqfh iurp
vrph lqlwldo frqglwlrq E5fc% f zkhq E%|n￿E5|cS |E5| 5 CE5|c% |E5|3￿ iru doo 5| dqg
|  f1 D jhqhudwhg sodq lv wkhuhiruh d sodq yhuli|lqj +;,1 Lq dsshqgl{ E fruroodu|
5 suryhv wkdw jhqhudwhg sodqv duh rswlpdo zkloh fruroodu| 6 vkrzv wkdw wkhuh lv d
jhqhudwhg +dqg wkhuhiruh rswlpdo, frqwlqjhqw sodq1 Ilqdoo| sursrvlwlrq 7 vkrzv wkdw
dq rswlpdo sodq lv htxdo wr d jhqhudwhg sodq >| doprvw hyhu|zkhuh1
Xqghu wkh dssursuldwh dvvxpswlrqv/  fdq eh vkrzq wr srvvhvv rwkhu lpsruwdqw
surshuwlhv vxfk dv prqrwrqlflw|/ frqfdylw|/ ru glhuhqwldelolw|1 Wkh uhodwhg uhvxowv
45suhvhqwhg lq Vwrnh| dqg Oxfdv +4<;</ fkdswhuv 7 dqg <, jr zlwk qr fkdqjh rqfh L
dqg  kdyh ehhq vkrzq wr eh zhoo ghqhg/ wkh uvw vroylqj wkh Nrrspdqv htxdwlrq
dqg wkh vhfrqg wkh Ehoopdq htxdwlrq1
7 Vrph frpphqwv
Ghvfulelqj wkh hohphqwv ri rxu surjudp zh kdyh grqh dvvxpswlrqv wkdw ghvhuyh vrph
frpphqw1 Wkh djjuhjdwru ` lv d ixqfwlrq ri dfwlrqv dqg qrw ri wkh vwdwh ri wkh
v|vwhp1 Wklv dvvxpswlrq zdv grqh iru wkh vdnh ri fodulw| ri h{srvlwlrq dqg grhv qr
kdup1 Li zh qhhg wkh vwdwh yduldeohv wr gluhfwo| dhfw fxuuhqw uhwxuqv zh fdq dozd|v
ghqh l vr dv wr doorz rqo| rqh srvvleoh dfwlrq/ qdpho| wkh uhtxluhg ixqfwlrq ri
wkh vwdwh1 Qrwh wkdw wkh qrwlrq ri uhfxuvlyh ixqfwlrq lv suhflvho| edvhg rq zhdn
vhsdudelolw| ehwzhhq fxuuhqw dqg ixwxuh dfwlrqv= prghoolqj dfwlrqv dv zh glg grhv
qrw lpso| dq| ixuwkhu vwuxfwxuh rq wkh xqghuo|lqj suhihuhqfh rughu1
H{dpsoh 9 Dq djhqw lqkhulwv vrph vdylqjv %  f uhzdughg e| d frqvwdqw jurvv
lqwhuhvw -:f dqg uhfhlyhv d udqgrp lqfrph 5  f/ wkh uhpdlqlqj lqfrph ehlqj
dxwrpdwlfdoo| frqvxphg1 Ihdvleoh qh{w shulrg*v vdylqjv duh ghvfulehg e| KE5c%'
dfc-%n 5o zkloh lE5c%c+'i-% n 5  +j lqvwhdg ri dfc-%n 5  +o1 +Li wkh djhqw
kdv dgglwlyh suhihuhqfhv dv lq wkh DN prgho ri vhfwlrq 5/ wkhq B-w 	  lv vx!flhqw
iru +6, wr krog iru E5c%'E # n -% n 5w/ vrph #:f elj hqrxjk1 Vxfk frqglwlrq
grhv qrw ghshqg rq wkh sduwlfxodu phdq ri lqfrph 51,
Qrw vr lqrtxrxv lv wkh dvvxpswlrq wkdw wkh udqgrp vkrfn lv lqghshqghqwo| dqg
lghqwlfdoo| glvwulexwhg +dffruglqj wr >,1 Lw pdnhv wkh dqdo|vlv vlpsohu/ dowkrxjk
dw vrph frvw ri jhqhudolw|1 Qrwh/ krzhyhu/ wkdw pdq| fruuhodwhg fdvhv fdq vwloo eh
dffrxqwhg iru e| wkh dqdo|vlv deryh1 Lqghhg/ prvw fruuhodwhg surjudpv duh ghvfulehg
e| dq h{solflw vwrfkdvwlf odz ri prwlrq lq zklfk vrph llg hohphqw lv wkh xowlpdwh
vrxufh ri xqfhuwdlqw|1
H{dpsoh : Frqvlghu d fruuhodwhg yhuvlrq ri h{dpsoh 5= jlyhq d pdujlqdo surgxfw
ri fdslwdo @  f dqg d vwdwh ri qdwxuh 5  f fxuuhqw pdujlqdo surgxfw ri fdslwdo lv
jlyhq e| 5@￿ zkhuh  5 Efc dqg 5  >1 Wkh pdujlqdo surgxfw ri fdslwdo lv qrz dq
hqgrjhqrxv vwdwh yduldeoh1 Wkhq KE5c@c%'i5@￿jdfc5@ ￿%o zkloh l dqg ` duh
dv ehiruh1
Zkhq idflqj d sduwlfxodu uhfxuvlyh surjudp/ wkh dssolfdwlrq ri rxu uhvxowv uhtxluh
glvsod|lqj wkh zhljkw ixqfwlrqv> hdfk fdvh uhtxluhv d vshflf zhljkw1 Wkhuh lv/ krz0
hyhu/ qr v|vwhpdwlf surfhgxuh wr frqvwuxfw wkhvh ixqfwlrqv1 D zurqj fkrlfh ri wkh
zhljkw ixqfwlrqv fdq eh plvohdglqj=
H{dpsoh ; Vxssrvh `EScb ' *L}E n S n b/z k h q: wkh djjuhjdwru lv
Olsvfklw} frqwlqxrxv ri frqvwdqw 3￿ lq lwv vhfrqg dujxphqw1 Ohw K eh dv lq wkh
46DN prgho1 Dvvxpswlrq 4 krogv iru )ES' n S exw E5c%' n 5% |lhogv
3￿7 5w 	  dv d frqglwlrq iru ++6,, wr krog1 Fkrrvh lqvwhdg )￿ES'# n* L } E  n S
dqg 












# n *L}E n7 55%
# n *L}E n 5%

Wklv txrwlhqw lv d frqwlqxrxv ixqfwlrq ri 5% ydoxhg rqh erwk dw }hur dqg dw wkh olplw
zkhq 5% $4 1 Dq dujxphqw vlplodu wr wkdw ri h{dpsoh 8 vkrzv wkdw dvvxpswlrqv
4w r7k r o gd vv r r qd v: +mxvw fkrrvh # elj hqrxjk,1
Lq wklv h{dpsoh/ wkh uvw ) glg zhljkw uhwxuqv exw wrr pxfk> wkh zhljkwhg qrup
lqgxfhg d wrsrorj| pxfk frduvhu wkdq zh qhhghg1 Lqghhg/ uvw/ wkh orjdulwkp olq0
hdul}hv dq| h{srqhqwldo jurzlqj sdwk dqg/ vhfrqg/ vxfk djjuhjdwru lpsolhv d yhu|
vwurqj glvfrxqwlqj sdwwhuq ehfdxvh dv S jurzv/ wkh lpsolflw glvfrxqw idfwru ehfrphv
vpdoohu +}hur lq wkh olplw,1 Lq rwkhu fdvhv/ wkh sureohp pd| eh wkh uhyhuvh= vrph
zhljkw ixqfwlrq pljkw qrw zrun/ zkloh wkhuh lv lqghhg d zhljkw iru zklfk doo rxu
dvvxpswlrqv krog1 Lq sduwlfxodu/ wkh idfw wkdw vrph ixqfwlrqv ) dqg  yhuli| dv0
vxpswlrqv 4 wr 6 grhv qrw lpso| wkdw hlwkhu dvvxpswlrq 7 krogv iru wklv ixqfwlrqv
ru iru qr ixqfwlrq dw doo1
H{dpsoh < Lq h{dpsoh : deryh zh kdyh Sw  E5@￿%w vr rqh pd| frqfoxgh wrr















Wklv grhv qrw phdq wkdw wkh sureohp lv qrw zhoo ghqhg> lw mxvw phdqv wkdw zh kdyh
qrw fkrvhq wkh fruuhfw zhljkw1
Lq h{dpsoh :/ d fhuwdlq idfwru surgxfwlylw| wkh suhylrxv shulrg kdv wzr hhfwv=
uvw/ dq lpphgldwh hhfw rq rxwsxw lq wkdw shulrg dqg wkhuhiruh lq srwhqwldo fdslwdo
vwrfn wrgd|> vhfrqg/ d odjjhg hhfw rq wrgd|*v idfwru surgxfwlylw|1 Lq erwk fdvhv/
d kljkhu idfwru surgxfwlylw| wkh suhylrxv shulrg lqfuhdvhv fxuuhqw rxwsxw1 Qhyhu0
wkhohvv/ zkloh E5@￿%w lq wkh ghqlwlrq ri  lq h{dpsoh < lv deoh wr dffrxqw iru wkh
uvw hhfw/ lw grhv qrw dffrxqw iru wkh vhfrqg/ dqg khqfh wkh xqerxqghg h{suhvvlrq
E5@￿￿w lq pd{lpxp ihdvleoh jurzwk1 \hw/ lqwxlwlrq vd|v wkdw B7 5w*E￿3￿￿ 	  vkrxog eh
vx!flhqw wr hqvxuh wkdw wkh surjudp lv zhoo ghqhg> ehfdxvh 7 5￿*E￿3￿￿ lv wkh idfwru wr
zklfk wkh h{shfwdwlrq ri @| frqyhujhv +dqg wkhuhiruh wkh rqo| orqj uxq vxvwdlqdeoh
idfwru ri jurzwk ri d sxuh dffxpxodwlrq sdwk erxqglqj rwkhu ihdvleoh sdwkv iurp
deryh,1
D vkruwfrplqj ri wkh vwudwhj| ghyhorshg deryh uhihuv wr uhwxuqv xqerxqghg iurp
ehorz1 Zkhq ghvfulelqj rxu uhfxuvlyh surjudp/ wkh udqjh ri srvvleoh ydoxhv iru
47uhwxuqv zdv ghqhg dv \'U^i  4 j1 Wklv ghqlwlrq/ krzhyhu/ fdq eh plvohdglqj
dv lw fdq vxjjhvw wkdw zh fdq ghdo zlwk surjudpv zlwk uhwxuqv xqerxqghg iurp ehorz
zkloh wklv lv qrw wuxh lq jhqhudo1 Zkhq ihdvleoh dfwlrqv doorz iru dq lpphgldwh uhwxuq
ri 4 dw dq| vwdjh/ lw zloo qrw eh srvvleoh wr qg d ixqfwlrq olnh  lq dvvxpswlrq
51
H{dpsoh 43 Frqvlghu wkh DN prgho ri h{dpsoh 5 exw zlwk `EScb ' *L}ESnBb1
Lq wklv fdvh dvvxpswlrq 4 frxog krog zlwk )ES'nm*L}ESm1 Qhyhuwkhohvv/ f 5
KE5c% iru doo 5c%  f vr wkdw )Ef ' 4 lv dozd|v ihdvleoh1 Khqfh/ wkhuh lv qr uhdo
ydoxhg ixqfwlrq  zlwk wkh surshuw| wkdw )   iru ihdvleoh fkrlfhv1
Gxuäq +5333, ixuwkhu glvfxvvhv wklv h{dpsoh lq wkh ghwhuplqlvwlf vhwwlqj= lqwurgxf0
lqj xqfhuwdlqw| ohdyhv wkh sureohp xqfkdqjhg1 Äoyduh} dqg Vwrnh| +4<<;, sursrvh
lq wkh ghwhuplqlvwlf fdvh dq dowhuqdwlyh lqwhuhvwlqj dssurdfk iru krprjhqhrxv sur0
judpv edvhg rq prqrwrqlflw|1
Ohw xv hqg wklv vhfwlrq uhfdoolqj wkh  h{lelolw| ri wklv dssurdfk wr wkh dqdo|vlv ri
wkh Ehoopdq htxdwlrq1 Pdq| hfrqrplf wkhrulhv duh vxssruwhg e| prghov dphqdeoh
wr eh irupdoo| h{suhvvhg lq whupv ri lghqwlfdo ru dqdorjrxv remhfwv dv wkh Ehoopdq
htxdwlrq dqdo|}hg lq wklv sdshu1 D vhplqdo sdshu e| Orxu| +4<;4, dqdo|}hv wkh
g|qdplfv ri lqhtxdolw| lq dq ryhuodsslqj jhqhudwlrqv prgho hfrqrp| zlwk dowuxlvwlf
hgxfdwlrqdo lqyhvwphqw1 Gxwwd dqg Plfkho +4<<;, frqvlghu d vlplodu prgho zkhuh
lw lv ehtxhvwv udwkhu wkdq hgxfdwlrqdo lqyhvwphqw wkh phfkdqlvp ri wudqvplvvlrq
ri lqhtxdolw| dfurvv jhqhudwlrqv1 Lq erwk fdvhv/ li wkh rvsulqj*v lqgluhfw xwlolw|
ixqfwlrq hqwhuv dq djhqw*v xwlolw| ixqfwlrq/ wzr frqvhfxwlyh jhqhudwlrqv*v suhihuhqfhv
duh olqn e| vrph Ehoopdq0w|sh ixqfwlrqdo htxdwlrq1
H{dpsoh 44 Frqvlghu d vwrfkdvwlf yhuvlrq ri Orxu|*v +4<;4, hfrqrp|1 Dq| djhqw
lv lqlwldoo| hqgrzhg zlwk vrph vwrfn ri kxpdq fdslwdo  +dovr htxdo wr lqfrph=
hhfwlyh oderu surgxfwlylw| lv htxdo wr rqh,1 Wkh djhqw ghflghv frqvxpswlrq S  f
dqg lqyhvwphqw e  f lq khu fkloguhq*v hgxfdwlrq vxemhfw wr S n e  1 Rvsulqj
kxpdq fdslwdo lv }E5ce zkhuh 5  f lv vrph surgxfwlylw| vkrfn zlwk glvwulexwlrq
>1 Jlyhq frqvxpswlrq S dqg rvsulqj xwlolw| b dq djhqw ghulyhv xwlolw| `EScb1
Dvvxph } G U2
n $ Un dqg ` G Un  U $ U duh frqwlqxrxv1 Dq lqgluhfw xwlolw|
ixqfwlrq  lv vdlg wr eh frqvlvwhqw +dfurvv jhqhudwlrqv, zkhq





iru doo   f1 Vxssrvh wkdw ` lv Olsvfklw} frqwlqxrxv ri frqvwdqw B	 lq lwv vhfrqg







48iru vrph k:f1 Wkh dujxphqw lq sursrvlwlrq 4 lv uhdglo| dgdswhg wr suryh +xvlqj
ohppd 4, wkdw d xqltxh frqvlvwhqw lqgluhfw xwlolw| ixqfwlrq  h{lvwv/ wkdw lv frqwlqxrxv
dqg  erxqghg1
Wklv olwhudwxuh uhtxluhv idluo| vwurqj dvvxpswlrqv suhyhqwlqj wkh hfrqrp| iurp
jurzlqj lq wkh orqj uxq +kxpdq fdslwdo lv mxvw d ghylfh wr jhqhudwh lqhtxdolw|,1
Wkrvh dvvxpswlrqv/ krzhyhu/ lq uhjdug ri rxu uhvxowv/ duh xqqhfhvvdu|1 Wkxv/ vxfk
wkhvh lqwhuhvwlqj prghov fdq eh lqwhjudwhg lq wkh prgho hfrqrplhv xvhg wr dvvhvv wkh
uhodwlrqvkls ehwzhhq lqhtxdolw| dqg jurzwk +vhh/ iru h{dpsoh/ Djklrq dqg Erowrq
+4<<:,, ru wkh vkruw uxq g|qdplfv ri lqhtxdolw| lq jurzlqj hfrqrplhv +vhh wkh pr0
wlydwlqj sdshu e| Gðd}0Jlpìqh} hw do +4<<:,,1
Dsshqgl{ D Wkh zhljkw ri wrwdo uhwxuqv
Wkurxjkrxw wkh wzr dsshqgl{hv/ dvvxpswlrqv 4 wr 7 duh dvvxphg wr krog1
Ohppd 7 Ixqfwlrq x ghvfulehg lq +9, lv zhoo ghqhg rq / wdnhv rq qlwh ydoxhv/
dqg lv frqwlqxrxv1
Surri= Ohw EUc  eh d ihdvleoh sodq1 Iru dq| |  f wkh ixqfwlrq )ES|E lv phd0
vxudeoh= lw lv d frpsrvlwlrq ri d phdvxudeoh dqg d frqwlqxrxv ixqfwlrq1 Xqghu
dvvxpswlrq 5 zh kdyh )ES|E5|  E5|c% |E5|3￿ iru doo 5| dqg khqfh ohppd 6+d,










Vlqfh +6, krogv zlwk B dqg k uhsodfhg e|  dqg q/ iroorz wkh vdph vwhsv dv lq wkh
surri ri ohppd 6+e, wr suryh wkdw xEU lv qlwh1
Wr vhh frqwlqxlw| ohw EU?   zlwk U? $ Uf 5  frruglqdwhzlvh1 Wkdw lv/ S?
| $ Sf
|
xqlirupo| iru doo |  f1 E| frqwlqxlw| )ES?
| E5| $ )ESf

















































































Li tT? E5|c% ?
| E5|3￿ zhuh >| lqwhjudeoh wkh Ohehvjxh grplqdwhg frqyhujhqfh wkh0





















|E5fc% f 	 4
dv zdv wr eh vkrzq1
Wkh h{shfwhg ydoxh ri wkh frqwlqxdwlrq ri d frqwljhqw sodq lv frqwlqxrxv lq wkh
ydoxh ri wkh vkrfn frqvlghuhg/ dv vwdwhg lq wkh iroorzlqj uhvxow1
Ohppd 8 Ohw T G  $ U eh d frqwlqxrxv ixqfwlrq/ wkhq T EjE5cU lv phdvxudeoh
dv d ixqfwlrq ri 5 dqg frqwlqxrxv dv d ixqfwlrq ri U1


















vr wkdw jE5c  lv frqwlqxrxv dqg wkhuhiruh T EjE5c  lv wkh frpsrvlwlrq ri frqwlq0
xrxv ixqfwlrqv1 Qrz { U 5  dqg frqvlghu d vhtxhqfh ri wuxqfdwhg sodqv= iru doo
lqwhjhu &   zulwh jE5cU& iru d vhtxhqfh zlwk j|E5cU& ' j|E5cU iru doo f  |  &
dqg j|E5cU& ' S 5 lEM iru doo |:& 1 Fohduo| jE5cU& $ jE5cU lq wkh surg0
xfw wrsrorj| dv & $4 1 Vlqfh T lv frqwlqxrxv T EjE5cU& $ T EjE5cU1H y h u |
T EjE5cU& lv d phdvxudeoh ixqfwlrq> T EjE5cU kdv ehhq wkhuhiruh vkrzq wr eh wkh
srlqwzlvh olplw ri d vhtxhqfh ri phdvxudeoh ixqfwlrqv1
Ohw xE eh wkh fodvv ri ixqfwlrqv  $ \ frqwlqxrxv zlwk uhvshfw wr wkh uhodwlyh
surgxfw wrsrorj| dqg erxqghg lq qrup x1
Ohppd 9 Iru doo U 5  wkh ixqfwlrq xEjEcU lv lqwhjudeoh1 Ixuwkhu/ wkh h{suhv0
vlrq
U
xEjE5cU>E_5 lv frqwlqxrxv dv d ixqfwlrq ri U1
Surri= Iluvw qrwh wkdw ohppd 7 hvwdeolvkhv frqwlqxlw| ri x zkloh ohppd 8 hqvxuhv
phdvxudelolw| ri xEjEcU dv d ixqfwlrq ri 51 Qh{w revhuyh wkdw iru dq| U 5  zlwk

















zkhuh hdfk sduwldo vxp lqvlgh wkh elj eudfnhwv lv d uhodwlyh surgxfw phdvxudeoh



































Dv d frqvhtxhqfh iru hyhu| U 5  dqg 5 5 ~ sduwldo vxpv dozd|v frqyhujh +wr d
qlwh uhdo qxpehu,1 Wkh olplw ixqfwlrq lv phdvxudeoh dv lw lv wkh srlqwzlvh olplw ri
d vhtxhqfh ri phdvxudeoh ixqfwlrqv1 Lw lv > lqwhjudeoh ehfdxvh lw lv grplqdwhg p|
E  q3￿E5c%￿/ dq lqwhjudeoh ixqfwlrq xqghu dvvxpswlrq 61
Zh qrz suryh frqwlqxlw|= ohw EU?   zlwk U? $ Uf 5  dqg qrwh wkdw dffruglqj


































zkhuh wkh uvw htxdolw| iroorzv iurp Ehssr0Ohyl wkhruhp dqg wkh vhfrqg iurp Ixelql
wkhruhp1 Wkhq lw vx!fhv wr suryh wkdw
U
)ES?
|n￿E5|n￿>|n￿E_5|n￿ lv frqyhujlqj wr U
)ESf
|n￿E5|n￿>|n￿E_5|n￿1 Dq dujxphqw dqdorjrxv wr wkh hqg ri wkh surri ri ohppd
7 zloo |lhog wkh uhvxow1
Zlwk wkhvh uhvxowv dw kdqg zh fdq suryh ohppd 5 hqvxulqj wkdw x erxqghg ixqf0
wlrqv duh uhdvrqdeoh dgplvvleoh ixqfwlrqv1
S u r r ir io h p p d5 = E| ohppd 8 zh nqrz wkdw T EjE5cU lv phdvxudeoh dv d
ixqfwlrq ri 5 dqg frqwlqxrxv dv d ixqfwlrq ri U1D o v rT lv erxqghg lq qrup x e|
k|srwkhvlv vr wkdw
]
T EjE5cU>E_5 n T nx
]
xEjE5cU>E_5c
lqwhjudeoh e| ohppd 91 Lw lv wkhuhiruh zhoo ghqhg1
4;Ohw EU?   eh vxfk wkdw U? $ Uf 5 1V l q f hT EjE5cU lv frqwlqxrxv lq U zh
nqrz wkdw T EjE5cU? $ T EjE5cUf srlqwzlvh1 Vlqfh T lv grplqdwhg e| x dqg wklv
odvw ixqfwlrq kdv wkh surshuw| wkdw
U
xEjE5cU>E_5 lv frqwlqxrxv lq U lw iroorzv/
iurp dq dujxphqw dqdorjrxv wr wkh surri ri ohppd 4/ wkdw
U
T EjE5cU>E_5 lv dovr
frqwlqxrxv dv d ixqfwlrq ri U1
Dsshqgl{ E Wkh sulqflsoh ri rswlpdolw|
Wkh surriv ri wklv dsshqgl{ duh dgdswhg iurp wkrvh lq fkdswhuv 7 dqg < lq Vwrnh|
dqg Oxfdv +4<;<, lq rughu dffrxqw iru qrq dgglwlyh djjuhjdwruv dqg  erxqghg ydoxh
ixqfwlrqv1 Rqfh zh kdyh hqvxuhg wkdw L dqg  duh zhoo ghqhg zh zloo h{sorlw wkh
idfw wkdw -￿f $ L srlqwzlvh wr suryh wkdw  dfwxdoo| vroyhv wkh Ehoopdq htxdwlrq1
Sursrvlwlrq 6 Wkh ydoxh ixqfwlrq  lv zhoo ghqhg dqg wkh xqltxh vroxwlrq wr wkh
Ehoopdq htxdwlrq lq wkh vsdfh ￿E~  f1
Surri= Wkdw lv zhoo ghqhg iroorzv iurp PE5c% 9' > iru doo E5c% dqg iurp sursr0
vlwlrq 5 hqvxulqj wkdw L lv zhoo ghqhg1 Ohw E5fc% f eh dq| lqlwldo frqglwlrq dqg
U 5 PE5fc% f zlwk   dvvrfldwhg1 Sursrvlwlrq 4 hqvxuhv h{lvwhqfh ri d vroxwlrq sW wr
wkh Ehoopdq htxdwlrq1 Wkhq
s
WE5fc% f  `ESfc
]
s






Surfhhg uhfxuvlyho| dqg xvh Olsvfklw} frqwlqxlw| ri ` wr suryh wkdw
s









Wdnlqj wkh olplw dv  $4iroorzv sWE5fc% f  LEU ehfdxvh wkh vhfrqg whup dw
wkh uljkw ydqlvkhv e| ohppd 6+e,1
Wr vhh wkdw sWE5fc% f  LEUn0 iru doo 0:f iru vrph ihdvleoh U uhfdoo wkdw doo
wkh vwhsv deryh fdq eh uhshdwhg zlwk htxdolw| zkhq zh frqvlghu d sodq jhqhudwhg
e| wkh srolf| fruuhvsrqghqfh1 Lqghhg/ Ehujh wkhruhp hqvxuhv wkdw wkh srolf| fruuh0
vsrqghqfh ghqhg lq +<, +zlwk sW lqvwhdg ru , lv zhoo ghqhg/ frpsdfw ydoxhg/ dqg
xsshu vhplfrqwlqxrxv1 Wkhq/ wkhruhp :19 lq Vwrnh| dqg Oxfdv +4<;<, hqvxuhv h{lv0
whqfh ri d phdvxudeoh vhohfwlrq iurp C1 Xvlqj wklv vhohfwlrq lw lv hdv| wr frqvwuxfw
d sodq jhqhudwhg e| C zlwk sWE5fc% f'LEU1
Revhuyh wkdw sW kdv ehhq suryhq wr eh wkh ydoxh ixqfwlrq sW ' 1 Surylqj vxfk
vwdwhphqw zh kdyh irxqg d sodq jhqhudwhg e| C zlwk E5fc% f'LEU1 Reylrxvo|
dq rswlpdo sodq vr wkdw zh kdyh=
4<Fruroodu| 4 Ohw E5fc% f eh dq| lqlwldo frqglwlrq dqg U 5 PE5fc% f zlwk   dvvrfl0
dwhg1 Li +;, krogv iru doo 5| dqg |  f wkhq lw lv dq rswlpdo sodq1
Zkloh sursrvlwlrq 6 hqvxuhv wkdw  lv frqwlqxrxv/ Ehujh wkhruhp hqvxuhv wkdw
wkh srolf| fruuhvsrqghqfh ghqhg lq +<, lv zhoo ghqhg/ frpsdfw ydoxhg/ dqg xsshu
vhplfrqwlqxrxv1 Wkhq wzr qh{w fruroodulhv iroorz iurp fruroodu| 4/ wkh ghqlwlrq ri
wkh srolf| fruuhvsrqghqfh/ dqg wkh surri ri sursrvlwlrq 61
Fruroodu| 5 Hyhu| sodq jhqhudwhg iurp C lv rswlpdo1
Fruroodu| 6 Wkhuh lv dq rswlpdo sodq1
Rqh pd| zrqghu zkhwkhu C fkdudfwhul}hv hyhu| rswlpdo sodq1 Wkh dqvzhu lq d
vwrfkdvwlf vhwwlqj lv wkdw dq| rswlpdo sodq/ li lw lv qrw jhqhudwhg e| C/ lw lv htxdo
wr vrph jhqhudwhg sodq exw iru }hur suredelolw| vwdwhv ri qdwxuh1 Wkh iroorzlqj lv
wkhruhp <17 lq Vwrnh| dqg Oxfdv +4<;<, dgdswhg wr rxu fdvh1
Sursrvlwlrq 7 Ohw EUc  eh ihdvleoh iurp E5fc% f 5 ~  f1 Li lw lv rswlpdo wkhq
+;, krogv iru >| doprvw hyhu| 5| dqg doo |1













Ohw } eh d phdvxudeoh vhohfwlrq iurp C dqg frqvwuxfw d sodq EU}c } iurp wklv
vhohfwlrq zlwk S
}
f ' Sf dqg %
}
￿ ' %￿1 Wzr revhuydwlrqv= uvw/ vlqfh S
}
f ' Sf wkh






vhfrqg/ iru doo 5￿ 5 ~ lw lv wuxh wkdw jE5￿cU} 5 PE5￿c% ￿ exw vlqfh iurp wkh uvw
vwdjh rq lw lv d C jhqhudwhg sodq fruroodu| 5 hqvxuhv wkdw E5￿c% ￿'LEjE5￿cU} vr
wkdw
LEjE5￿cU  E5￿c% ￿'LEjE5￿cU
}
iru doo 5￿ 5 ~ dqg e| ghqlwlrq ri wkh ydoxh ixqfwlrq1 Wkhvh wzr lqhtxdolwlhv
wrjhwkhu lpso| wkdw E5￿c% ￿'LEjE5￿cU iru > doprvw hyhu| 5￿ 5 ~ zklfk lq
wxuq lpso| wkdw erwk lqwhjudov zlwk uhvshfw wr > duh htxdo1 Vlqfh E5fc% f'
53`ESfc
U





Khqfh +;, krogv iru | 'f 1
Wr frqwlqxh qrwh wkdw zh kdyh suryhg wkdw E5￿c% ￿'LEjE5￿cU iru > doprvw
hyhu| 5￿ 5 ~ vr wkdw wkh uhfxuvlyh surshuw| ri L djdlq lpsolhv wkdw E5￿c% ￿'
`ES￿c
U
LEj2E52cU>E_52 iru > doprvw hyhu| 5￿ 5 ~ zkhuh j2 wkh frpsrvlwlrq wzr





iru > doprvw hyhu| 5￿ 5 ~1 Khqfh/ +;, krogv iru | ' / dqg dovr E52c% 2'LEjE52cU
iru >2 doprvw hyhu| 52 5 ~2 zklfk zrxog eh xvhg lq wkh iroorzlqj vwhs1 Wkh uhvxow
iroorzv iurp surfhhglqj wklv zd| uhfxuvlyho|1
Wkhruhp 4 lv suryhg lq sursrvlwlrqv 6 dqg 7 dv zhoo dv lq fruroodulhv 4 dqg 61
Fruroodu| 5 surylghv xv zlwk d wrro wr glvsod| rswlpdo sodqv zkloh sursrvlwlrq 7
hqvxuhv wkdw wklv wrro ixoo| fkdudfwhul}hv rswlpdo sodqv dv qrq jhqhudwhg rqhv rqo|
glhu lq qxoo suredelolw| vwdwhv ri qdwxuh1
8 Uhihuhqfhv
Djklrq/ S1 dqg Erowrq/ S1 +4<<:, D wulfnoh0grzq wkhru| ri jurzwk dqg ghyhorsphqw
zlwk ghew ryhukdqj/ Uhylhz ri Hfrqrplf Vwxglhv/ 97/ 48404951
Äoyduh}/ I1 dqg Vwrnh|/ Q1 +4<<;, G|qdplf surjudpplqj zlwk krprjhqrxv ixqf0
wlrqv/ Mrxuqdo ri Hfrqrplf Wkhru|/ ;5+4,/ 49:04;<1
Ehfnhu/ U1D1 dqg Er|g LLL/ M1K1 +4<<:, Fdslwdo Wkhru|/ Htxloleulxp Dqdo|vlv dqg
Uhfxuvlyh Xwlolw|1 Eodfnzhoo Sxeolvkhuv1
Ehuwvhndv/ G1S1 dqg Vkuhyh/ H1 +4<:;, Pdwkhpdwlfdo lvvxhv lq g|qdplf surjudp0
plqj/ uhylhz sdshu dgdswhg iurp G|qdplf surjudpplqj lq Eruho vsdfhv/
lq P1 Sxwhupdq +hg1, G|qdplf Surjudpplqj dqg lwv Dssolfdwlrqv1 Dfdghplf
Suhvv1
Eodfnzhoo/ G1 +4<98, Glvfrxqwhg g|qdplf surjudpplqj/ Dqqdov ri Pdwkhpdwlfdo
Vwdwlvwlfv/ 69/ 55905681
Er|g LLL/ M1K1 +4<<3, Uhfxuvlyh xwlolw| dqg wkh Udpvh| sureohp/ Mrxuqdo ri Hfr0
qrplf Wkhru|/ 83/ 65906781
Gdqd/ U1D1 dqg Oh Ydq/ F1 +4<<3, Vwuxfwxuh ri Sduhwr Rswlpd lq dq Lqqlwh0
54Krul}rq Hfrqrp| Zkhuh Djhqwv Kdyh Uhfxuvlyh Suhihuhqfhv1 Mrxuqdo ri Rs0
wlpl}dwlrq Wkhru| dqg Dssolfdwlrqv/ 97+5,/ 59<05<51
Gðd}0Jlpìqh}/ M1/ Txdgulql/ Y1 dqg Uðrv0Uxoo/ M1Y1 +4<<:, Glphqvlrqv ri lqhtxdo0
lw|= Idfwv rq wkh XV glvwulexwlrqv ri hduqlqjv/ lqfrph/ dqg zhdowk/ Ihghudo
Uhvhuyh Edqn ri Plqqhdsrolv Txduwhuo| Uhylhz/ 54+5,/ 60541
Grre/ M1O1 +4<<7, Phdvxuh Wkhru|1 Vsulqjhu0Yhuodj1
Gxuäq/ M1 +5333, Rq g|qdplf surjudpplqj zlwk xqerxqghg uhwxuqv/ iruwkfrplqj
lq Hfrqrplf Wkhru|1
Gxwwd/ M1 dqg Plfkho/ S1 +4<<;, Wkh glvwulexwlrq ri zhdowk zlwk lpshuihfw dowuxlvp/
Mrxuqdo ri Hfrqrplf Wkhru|/ ;5/ 6:<07371
Mrqhv/ O1H1 dqg Pdqxhool/ U1 +4<<3, D frqyh{ prgho ri htxloleulxp jurzwk= wkhru|
dqg srolf| lpsolfdwlrqv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <;+8,/ 433;0436;1
Nuhsv/ G1P1 dqg Sruwhxv/ H1O1 +4<:;, Whpsrudo uhvroxwlrq ri xqfhuwdlqw| dqg
g|qdplf fkrlfh wkhru|/ Hfrqrphwulfd/ 79/ 4;805331
Orxu|/ J1F1 +4<;4, Lqwhujhqhudwlrqdo wudqvihuv dqg wkh glvwulexwlrq ri hduqlqjv/
Hfrqrphwulfd/ 7<+7,/ ;760;9:1
Oxfdv Mu1/ U1H1 dqg Vwrnh|/ Q1 +4<;7, Rswlpdo jurzwk zlwk pdq| frqvxphuv/
Mrxuqdo ri Hfrqrplf Wkhru|/ 65/ 46<04:41
PfJudwwdq/ H1U1 +4<<;, D ghihqvh ri DN jurzwk prghov/ Ihghudo Uhvhuyh Edqn
ri Plqqhdsrolv Txduwhuo| Uhylhz/ 55+7,/ 4605:1
Vwrnh|/ Q1 dqg Oxfdv Mu1/ U1H1 zlwk Suhvfrww/ H1F1 +4<;<, Uhfxuvlyh Phwkrgv lq
Hfrqrplf G|qdplfv1 Kduydug Xqlyhuvlw| Suhvv1
Vwuhxihuw/ S1D1 +4<<9, Elfrqyhujhqw vwrfkdvwlf g|qdplf surjudpplqj/ dv|pswrwlf
lpsdwlhqfh/ dqg dyhudjh jurzwk/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/
53/ 6;807461
Zhvvhov/ M1 +4<::, Pdunry surjudpplqj e| vxffhvvlyh dssur{lpdwlrqv zlwk uhvshfw
wr zhljkwhg vxsuhpxp qrupv/ Mrxuqdo ri Pdwkhpdwlfdo Dqdo|vlv dqg Dssol0
fdwlrqv/ 8;/ 65906681
55